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A quantum version of the action principle in a simple covariant dynamical theory of two relativistic 
particles is formulated. The central object of this new formulation of quantum theory is a stationary 
eigenvalue of the quantum action. This quantity defines a quantum geometry in a configuration 
space. In the presence of "probe" fields it plays the role of a generation function of observables. 
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I. INTRODUCTION 

In the work 1] the formulation of quantum mechanics 
in terms of a quantum version of the action principle was 
proposed. In this formulation the action functional / is 
replaced by an operator / in a space of wave function- 
als. A wave functional 5" [q [t)] is defined on trajectories 
q (t) with fixed end points in a configuration space of a 
dynamical system. The eigenvalue problem of the action 
operator / is formulated as follows: 



(1) 



Quantum dynamics of a system is described by an ex- 
tremal eigenvalue Ao and a corresponding eigenfunctional 
^'o (the quantum action principle). In the work [2], atten- 
tion was paid to the fact that the new formulation is the 
most appropriate for covariant systems. As an example, 
the dynamics of a relativistic particle in the Minkowsky 
space was considered. In contrast to the ordinary for- 
mulation of relativistic quantum mechanics based on the 
Klein-Gordon equation, where the problem of probabilis- 
tic interpretation of a wave function exists ^ , the prob- 
abilistic interpretation of a wave functional 5* [q (t)] is 
natural. Incidentally, all symmetries of the original clas- 
sical theory - the relativistic invariance and the invari- 
ance with respect to reparametrizations of a world line 
of a particle are preserved. 

A special feature of the covariant theory is that the ac- 
tion, being invariant with respect to reparametrizations 
of a trajectory, defines a geometry which in general be- 
longs to the class of the Finsler geometry Q in a con- 
figuration space of a system. In the case of a relativistic 
particle it is the Minkowsky geometry. As the conse- 
quence, quantization of the action introduces a quantum 
geometry of the configuration space. This geometry is de- 
fined by the extremal eigenvalue Aq of the action which 
is a function of end points of a trajectory and, therefore, 
may be taken as a measure of distance. Quantum geom- 
etry of the configuration space defined in this way has 



direct physical meaning: it plays the role of a generation 
function for mean values of currents and correlators of 
currents, if the dynamics of system is "probed" by an 
external field. These quantities form the set of physical 
observables. 

In the present work a quantum geometry of a configu- 
ration space of a system, that may be symbolically called 
the system of two particles, is considered. According to 
the structure of the algebra of constraints this dynamical 
system may serve as a simple model of General Relativity 
and string theories. 



II. COVARIANT SYSTEM OF TWO PARTICLES 

Classical dynamics of a system is described by a trajec- 
tory {u^ (r) , v'^ (r)) in the configuration space M4 x M4, 
where M4 is the four-dimensional Minkowsky space, and 
T G [0, 1] is an arbitrary parameter. The dynamics is 
determined by the action: 



/ = 



/ ^— (u - Xu) + ^— (i 
J 4Ni\ J 4N2 V 



Xv 



+Niv^ + N2U^ + Al{u)u +Al{v)v dr (2) 

where the dot denotes the derivative on the parameter 
r. Short notations for scalar products and squares of 
vectors in the Minkowsky space are used, for example. 



rj^ijU^u" , where 



77^^ = diag (+1, -1,-1,-1) 



(3) 
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is the metric of the Minkowsky space. Apart from the ba- 
sic dynamical variables {u^,v^), the action ^ depends 
on A'^1.2 and A which are analogous to lapse and shift 
functions in the Arnowitt, Deser and Misner framework 
of General Relativity [5]. Transformation properties of 
these variables ensure the invariance of the action with 
respect to reparametrizations of a trajectory. External 
"probe" fields (u) and A^ (v) are included for the sub- 
sequent determination of observables (the charges of par- 
ticles are equal to unity). 
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We obtain the classical geometry of the configuration 
space, induced by the action by turning, first of all, 
to the geometrical form of the action. For this purpose let 
us exclude lapse and shift functions from the action 
solving corresponding Euler-Lagrange (EL) equations: 



1 
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(4) 



After substitution of a solution of the set ([U with respect 
to iVi 2, A into ([2]), the action takes the geometrical form 
with the integrand which is homogeneous function of the 
first order in the velocities: 



Ml (u) 



SIoi 



6AI (v) 



A=0 



A=0 



if(^)= / drS^ {u - u {t)) u (t). 



j^{v)= dTS^{v-v{r))v (r),(8) 



where integrals are taken on classical world lines of par- 
ticles. Higher order variational derivatives describe de- 
pendence of currents on external fields. These quantities 
contain all details of internal interactions in a system. In 
analogy with electrodynamics we call them correlators 
of currents. These quantities form the complete set of 
observables of the theory. 



III. CANONICAL FORM OF THE ACTION 



v'^\llu — Xu] [v + Xv] 



dr 



(5) 
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Considering the action ([5]) as a measure of length of a tra- 
jectory (u'^ (r) , (r)) , r e [0, 1], let us define a "short- 
ness" trajectory from the condition that the action ^ is 
stationary with respect to the basic variables, i.e., from 
the equations of motion of particles: 



5ul - 5 J = 0. 



(7) 



The equations ([7]) are differential equations of the sec- 
ond order in the parameter r with respect to functions 
(r) , (r). Substitution of a solution of these equa- 
tions at fixed end points of a trajectory, (uqi^^o) a-nd 
into the action ([5]) determines a distance /qi 
between end points in a classical geometry of a configu- 
ration space. 

Taking into account that the quantity /qi is a func- 
tional of "probe" fields, let us define current density vec- 
tors of particles: 



As usually, we begin the transition to a canonical form 
of the action, defining canonical momenta of particles: 
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l^(v, + Xv,)+Al. 



(9) 



Then we obtain the Hamiltonian: 



H = [pu + TTv-L] . . = NiHi + N2H2 + XD, (10) 

where velocities are supposed to be excluded by use of 
Eq. dSl), and 



H, ^ {p-A^Y-v^^Q, 
H2 = {n - A^Y ~ ^ 0, 
D = u{p~ A^) ~v{t:- A^) fnO, (11) 



are constraints of the first class. The wavy equalities 
mean that the equations pT|) , being the EL equations for 
7Vi,2 and A, have to be solved, but only after calculation 
of all necessary Poisson brackets. Among the latter are 
commutators of a Lee algebra of the constraints: 



{H,,H2} = ^D, {D, H,} = 2H,,{D, H2} = -2^2- 

(12) 

In that case, the group of covariance is three-parametric. 
It includes independent reparametrizations of world lines 
of particles. 

Canonical quantum theory of a dynamical system in 
ordinary formulation was considered in the work 
where solutions of a set of wave equations: 
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HiiP = H21IJ = Dijj = 0, 



(13) 



for a wave function -0 (u, v) were investigated. Operators 
of the constraints in the Schrodinger representation are 
obtained by a replacement of the canonical momenta by 
differential operators acting on a wave function: 



n d 



n d 



(14) 



However, we are forced to note, once again, that any 
probabilistic interpretation of solutions of the set (|13p is 
absent. Proper probabilistic interpretation will be found 
in the new form of quantum theory based on the quantum 
action principle. 



IV. QUANTUM ACTION PRINCIPLE 

The central point in the modifiedprocedure of the 
canonical quantization, proposed in [l|, is the replace- 
ment of partial derivatives ()14p acting on a wave func- 
tion tp (u, v) by variational derivatives acting on a wave 
fimctional ^E* [u (r) , v (r)]. This functional also depends 
on the lapse functions Ni^2 (t), but at present the latter 
are assumed to be fixed. More precisely, the functional 
realization of basic canonical variables is as follows: 



m'' (t) ^' = (t) 5-, (r) * EE (r) (15) 
P„(t)^' EE — ,7r„ (r)^' = (16) 

where the variational derivatives are defined as follows: 



5* 



6uf^ (r 
5* 



-Su'' (r) iVi (r) 



6v^^ (r) 



Sv'' (r) N2 (r) 



dr. 



(17) 



The lapse functions iVi.2 are included into the measure of 
integration to ensure the covariance of the new quantum 
theory. The constant h differs from the " ordinary" Plank 



Joule- s^. 



constant H, its physical dimensionality is 

A relationship between two constants may be established 
after a determination of observables and comparison be- 
tween the theory and the experiment. Operators defined 
in this way obey the following permutation relations: 



^^Si^^J {r - r') . (18) 



m'^(t),p^ [t 
v'" (r) ,5f^ (r'^j 



They are formally Hermitian with respect to the scalar 
product in the space of wave functionals: 



(*1,*2) (19) 
Y[ d^u (r) d^v (t) "^1 [u (r) , v (r)] ^2 [u (t) , v (r)] . 



The new realization of the basic dynamical variables in 
a space of wave functionals permits us also to determine 
an action operator in this space: 



h ■ fj- S H ■ 5 
—u 1 — V - — 



NiHi + N2H2 + XD 



dr. 



(20) 



where operators of the constraints are now obtained by 
substitution of Eqs. ^Bj and (HI]) into Eq. HIl)- The 
operator / is also formally Hermitian with respect to the 
scalar product (fTOjl . 

Let us begin formulation of the quantum action prin- 
ciple. It is useful to re-formulate the eigenvalue problem 
([1]), introducing for any wave functional ^! a functional: 



. . . [u, v] 

A[u,v] = 



(21) 



* [u, v] 

For the wave functional the exponential representation: 



(22) 



vl* [u, v] = exp ( -S [u, v] + R [u, v] 



will be useful, in particular, to obtain the classical limit 
H ^ 00. We suppose that the functionals S [u, v] , R [u, v] 
are real and analytical, i.e., they are represented by func- 
tional series, for example. 



S [u, v] 



= / (r) u^" (r) iVi (r) + Ti^ (r) «^ (r) N2 (r)] dr 



+ ljdrj dr' [82^, (r, r') (r) (r') TVi (r) iVi (r') 


+T2^u (r, r') z;^ (r) v"" (r') N2 (r) N2 (r') 



+V2f,u (r, r') u'^ (r) v"" (r') iVi (r) N2 (r')] + 



(23) 



plus a similar representation for R [u, v]. The coefficients 
Sif_i,Ti^, S2f_iiy,T2^v, V2f_iu, ■■■ are real functions of the pa- 
rameter T, there transformation properties ensure the in- 
variance of Eq. with respect to Lorentz rotations 
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in the Minkowsky space and reparametrizations of world 
lines of particles. 

Let us formulate conditions of equality of the func- 
tional (|2ip to an eigenvalue of the action operator. These 
conditions must be applied to coefficients of the series 
([23)1 . First of all, an eigenvalue must be independent 
on internal points {u{t),v{t)) of a trajectory. It can 
only depend on the end points (mq, vq) and (ui, wi) which 
are fixed. Then, we assume that eigenvalues of the 
action operator are real. This gives additional condi- 
tions on the coefficients of the series. As we shall see, 
all these conditions give a set of first order differential 
equations in the parameter t G [0,1] for the coefficients 
5'i^,T'i^, 52^1/, 12^1/, V2f,^, .... This set is an analog of the 
Schrodinger equation in ordinary quantum mechanics. In 
the framework of Cauchy problem, a solution of this set 
depends on the initial data at the moment t — 0. This 
solution also depends functionally on lapse and schift 
functions. Substituting this solution into Eq. (I21D . wc 
obtain an eigenvalue of the action operator as a func- 
tion (functional) of enumerated parameters. Therefore, 
the eigenvalue problem ^ is solved. All enumerated pa- 
rameters are free and have to be fixed by an additional 
condition. The demand of stationarity of the eigenvalue 
function (functional) with respect to all free parameters 
gives a missing condition. Precisely this condition forms 
the content of the quantum action principle. We want to 
note, that not all of free parameters will be fixed by this 
stationarity condition. In this case the stationary eigen- 
value Ao of the action operator is degenerate 0. This 
remark also refers to lapse and schift functions. 

The stationary eigenvalue Aq depends on the end 
points {uqjVq) and {ui,vi). Therefore, it can be chosen 
as a measure of a distance in a configuration space. So, 
we arrive at the notion of quantum geometry. The corre- 
sponding eigenfunctional 'So [u, v] describes the quantum 
dynamics of two particles and has the natural probabilis- 
tic interpretation: \'^o [u,v]\^ is a probability density of 
that a system moves along a trajectory in neighbour- 
hood of a given trajectory {u (r) ,v (t)) [1|]. However, the 
physical interpretation of the theory can be obtained in- 
dependently by use of the stationary eigenvalue Aq. Let 
us take into account a functional dependence of Aq on 
"probe" fields A^''^. We shall consider the quantity Aq 
as a generating function of mean values of current densi- 
ties of particles and their mean correlators. In particular, 
quantum analogs of ^ are: 



<5Ao 



SAi (u) 



5Ao 



(24) 



^=0 



In the next section all parameters related the quantum 
action principle will be considered in the classical limit 



CLASSICAL LIMIT OF QUANTUM 
GEOMETRY 



Taking into account the exponential representation of 
the wave functional (P^ . one can write the functional 
(|2T]) in the classical limit as follows: 



A [u, v] 
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This expression is considerably simplified in the classical 
limit due to the absence of the functional R [m, v\ in the 
representation (j25p . To simplify the subsequent consider- 
ation, let us omit the "probe" fields at this stage. In this 
case only a " harmonic" approximation in the decomposi- 
tion is sufficient. However, a set of differential equa- 
tions for the remaining coefficients is two-parametric and 
rather complex for an analytical analysis at this stage. 
In order to simplify this set let us assume that remain- 
ing second-order coefficients are local with respect to the 
parameter r: 



S2i,v{t,t') EE 5*2 (t)??^^ 8{t-t'), 

Ni (r) 

(t,t') = r2(r)?7^^^^^-^5(T-r'), (26) 



and T/2m^ r') = 0. Then 



A [m, v\ 
1 

V ■ /J 

u 



S2Uf^) 



-N2 (Ti^ 



N-,u' - N, (Si^ + S2U^) (5f 



T2V^)iTi; + T2vn]dT. 



S2U^ 



(27) 



Integrating by parts the first two terms under the inte- 
gral, we eliminate velocities u, v. In the remaining inte- 
gral, we assume that coefficients in front of the first and 
second orders in (r) and (r) are equal to zero. The 
latter condition gives us a set of differential equations: 
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Sifi ~ XSi^ + 2NiS2Si^ — 0, 

S2- XS2 + 2NiSi -2N2 = 0, 

Ti^- XT,f, + 2N2T2Ti^ - 0, 

T2 - XT2 + 2N2T^ - 2Ni = 0, (28) 

and the remaining nonzero part of Eq. (j27p becomes 
equal to an eigenvalue of the action operator: 



A 



u'^ { Sifj, + -S2U^ 



i 

J {SfNi + TIN2) dr. 



(29) 



previous consideration as follows. Let "probe" fields are 
real-analytical functions, i.e., they are represented by se- 



ries: 



2 u 



1 1 1^ T I 

+ - (30) 



In this case, the "harmonic" approximation for function- 
als S [u,v] , R[u,v] is not enough. The set of four dif- 
ferential equations ^E\i is replaced by an infinite set of 
differential equations with coefficients which depend on 
the infinite set of field parameters a 



1.2 1,2 



1.2 



Let us assume that in this case the Cauchy problem also 
has a smooth solution. Let the corresponding eigenvalue 
functional has a unique stationary value Aq with respect 
to all free parameters. This quantity plays the role of a 
generating function of physical observables. In particu- 
lar, for mean value of current density of the first particle 
one obtains the infinite set of equations: 



Formulation of the quantum action principle is now ex- 
tremely transparent. The solution of the Cauchy problem 
for the system (j28p . being a function of initial parame- 
ters s[^J , S^^ , T^^^ , Tj^'' , and a functional of the lapse 



-^1,2 (t) and schift A (r) functions, must be substituted 
in Eq. (f^^ . As the result, one obtains an eigenvalue of 
the action operator as a function (functional) of all enu- 
merated parameters. At the final step we have to take 
the extrcmum of that function (functional) with respect 
to all enumerated free parameters. The stationary value 
Aq of that eigenvalue function (functional) is a function 
of only the end points {uq, vq) and (wi, vi) of a trajectory. 
It is this function which is associated with a measure of 
distance in a quantum geometry of configuration space. 
Let us remember, that here we consider only the classi- 
cal limit fi — > 0. The following question naturally arises: 
is the classical limit of the quantum geometry Aq equal 
to the classical distance /qi defined in the first section? 
Within the local approximation (|26p the answer is the 
following. The classical limit of the quantum geometry 
corresponds to an approximation of the classical Finsler 
geometry ([5]) for a special choice: A = 0. In general 
case we have no answer on this question. This will be 
a subject of a next work. However, an evidence for this 
equality is that in the case of one particle the equality of 
two measures of distance takes place [3] . 

Let us return to the problem of determination of ob- 
servables. "Switching on" "probe" fields modifies the 
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a=0 



a=0 



d*u{j^{u))u'^u\ 



(31) 



where all integrals are over M4 



VI. CONCLUSIONS 

In conclusion, the quantum action principle gives us 
a possibility to derive a correct quantum version of a 
covariant dynamical theory with a proper probabilistic 
interpretation. It also gives us an alternative tool for de- 
termination of observables. In the presence of "probe" 
fields, it is the stationary eigenvalue of the quantum ac- 
tion that plays the role of a generation function of cur- 
rents and their correlators. 

We are thanks V. A. Franke and A. V. Goltsev for 
useful discussions. 
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